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Interlaminar Stress Analysis of Shell Structures
with Piezoelectric Patch Including Thermal Loading

Heung Soo Kim,* Xu Zhou,* and Aditi Chattopadhyay’
Arizona State University, Tempe, Arizona 85287-6106

Interlaminar stress distribution in smart composite shells using a coupled thermal-piezoelectric-mechanical
model is investigated. To maintain local accuracy of stress distributions, the trial displacement field is assumed
layerwise higher order and Cy continuous through the entire laminate thickness, accommodating zigzag in-plane
warping and interlaminar shear stress continuity. The temperature and electrical fields are modeled using higher-
order descriptions that can satisfy surface flux boundary conditions at structural surfaces and equipotential condi-
tions at electrode surfaces. These assumptions ensure computational efficiency. A variational principle, addressing
the interaction between thermal, piezoelectric, and mechanical fields, is used to derive the governing equations
of equilibrium. The proposed theory is used to investigate the cylindrical bending problem of simply supported
composite host structures with attached piezoelectric actuators, subject to a combination of mechanical, piezo-
electric, and thermal loading. The interlaminar stress distributions under comprehensive loading are presented
for different geometries and stacking sequences. The effects of two-way piezoelectric and thermal coupling on
the stress distributions are investigated. The significance of the thermal mismatch effect on interlaminar stress
distribution is also discussed. The results from present theory are validated with available exact elasticity solutions.

Nomenclature
AkX(2), BX¥(2), = layerwise coefficient functions
J
¥ (o)
Ay, Ap = Lame parameters
B,.B,, Bé,, = operator matrices
BIEa Bg, Bp
F, F, F, = eclement force vector
fi (@), g (2) = through-the-thicknes functions
H = total thickness
h, = composite thickness
h, = piezoelectric thickness
K, K. Ko, Ky,, = elementstiffnessmatrix
K¢¢, K¢9 a.K99
L, L, Lé,, = higher-order operator matrices
LIEa Lg, Lp
N,(a, B), = interpolation matrices

Ny (a, ), No (e, B)
R radius of cylindrical shell

Ry, Rg = principal curvature radii of the «
and B curves

S = thicknessratio (L/H for plate
and R/H for shell)

by ey Gy = prescribed surface traction, charge,
and heat flux

U[" (o, B, 2), = displacement field function

Uk(a, B, 2)

U, w, ¢, = displacementand layerwise variables

gzk ’ Lk ’ gozj

u, ug, ug = element nodal unknowns

o, B = curvature coordinates along reference
surface

£, &jj = strain vector and tensor

O(a, B, 2) = higher-order temperature field
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0ij = stresses
¢’ (a, B, 2) = electric potential field for the jth layer
Subscripts and Superscript
i = a,p
i, J = o, B,z
[T] = transpose
I. Introduction

HE concept of smart structures, such as piezoelectric lami-

nates, has recently received a great deal of attention as an
alternative to conventional techniques. These advanced structures
can be designed to react to disturbance forces actively to improve
the level of performance while maintaining structural integrity. Ap-
proximations of these concepts in advanced aerospace structural
applications appear to be very promising. However, the introduc-
tion of smart devices in host structures inevitably perturbs the local
values of the field variables, nucleating damage such as debonding
and delamination at the interface of piezoelectric devices and the
host structure due to stress concentration. The layerwise character-
istics of composite laminates make the determination of stress and
strain distribution a challenging problem. Conventionally, classical
laminate theory (CLT), which ignores transverse shear effects,! has
been extended to smart laminated structures. Huang and Wu? used
first-order shear deformation theory for a multilayered piezoelec-
tric composite plate. A refined hybrid plate theory was proposed to
predict the response of smart composites without shear correction
factors by Mitchell and Reddy.> A higher-order theory was used
by Chattopadhyay and Gu* and Chattopadhyay and Seeley in the
analysis of laminated structures to address transverse shear effects.
The theory proved to be successful in the global analysis of mod-
erately thick structures and smart structures. However, it fails to
provide continuous distribution of transverse shear stresses. This
implies that the theory is not sufficient in predicting local informa-
tion regarding stress and strain distributions, which is critical in the
investigation of structural integrity.

The multifield characteristicsof piezoelectricstructures make the
analysis even more complex, particularly in the presence of thermal
effects as dictated by specific missions. A typical environment is
represented by a solar flux of 1350 W/m? as vehicles move from
shadow to sunlight. Some research in the field of smart structural
modeling in the presence of thermal effects has been reported ®~!°
However, one-way couplingthatonly considersthe effectof aknown



2518 KIM, ZHOU, AND CHATTOPADHYAY

field on another field was used in Refs. 6-10. The two-way cou-
pling between piezoelectric and mechanical fields was included in
the hybrid plate theory developed by Mitchell and Reddy.? A cou-
pled thermal-piezoelectric-mechanical (T-P-M) model was devel-
oped by Chattopadhyayand Gu,!! Chattopadhyayet al.,'> and Zhou
etal.!’ to address the two-way couplingissues associated with smart
compositesunderthermalloads. Their work indicatesthat the effects
of two-way coupling on structural deformation increase with the
thicknessof the piezoelectricdevice. However, an equivalentsingle-
layer approach was used, and, therefore, the localized interlaminar
characteristics could not be addressed accurately by this theory.

The present paper aims at the investigationof interlaminar stress
distributions in laminated shell structures using a coupled T-P-M
model. The goal is to develop a theory that is capable of provid-
ing sufficientaccuracy while guaranteeingcomputational efficiency
compared to other layerwise theories. To maintain local accuracy
of stress and strain distributions, the trial displacement field is as-
sumed using zigzag functions and Cy continuity through the entire
laminate thickness, accommodating zigzag in-plane warping and
interlaminar transverse shear stress continuity. The continuity con-
ditions of in-plane displacement and transverse shear stress fields,
as well as traction-free boundary conditions, are applied to reduce
the number of primary structural variables. Thus, contrary to other
layerwise theory, the number of independentvariablesin the present
theory is independent of the number of layers in the laminate. The
temperature and electrical fields are assumed using higher-order
functions. These descriptions can satisfy surface boundary condi-
tions of heatflux and electrical potential. The mathematical model is
implemented using a finite element technique. The effectivenessand
accuracy of the proposed theory are compared with exact elasticity
solutions. The case of cylindrical bending and spherical composite
shell structures with piezoelectric [lead zirconate titanate (PZT)]
patches are investigated. The analysis of stress distributions under
electrical and thermoelectricalloading is performed, and numerical
results are presented.

II. Model Development

For an elastic system with piezoelectric materials, the linear con-
stitutive relations can be expressed as follows:
0ij = Cijuén — eijr Ex — kij0, Di=eijep+b;E;+dio (1)
where the quantities ¢;; and o;; denote the components of the strain
and stress tensors, respectively. The quantities E£; and D; denote
components of the electric field and electric displacement, respec-
tively, and 6 denotes the temperature rise from the initial tempera-
ture. In Eq. (1), five sets of material coefficients are used to address
constitutive characteristics of mechanical, electrical, and thermal
fields, as well as the coupling between these fields. The quantities
Ciju» ijk» and b;; representelastic constants, piezoelectricconstants,
and dielectric permittivity, respectively. The quantitiesk;; and d; re-
fer to thermal-mechanical and thermal—piezoelectriccoupling con-
stants, respectively.

A. Improved Shear Deformation Theory
Consider a shell element with N laminas described in orthogonal
coordinatesa and B along the shell midsurface, as shown in Fig. 1.

Fig.1 Geometry of spherical shell with patched PZTs.

The thickness coordinate z is measured from the midsurface, and
R, and Ry are the radii of curvature of the & and 8 curves. The area
of an infinitesimal rectangle dS and the volume of an infinitesimal
parallelepipeddv are defined as follows:

dS = A, (1+2/R,)As(1 + 2/ Ry) der dB
dv = A (1 +2/R)As(1 + z/Ry) da dB d= 2)

where A, and Ag are the coefficients of the first fundamental form of
the shell reference surface. In the present paper, the equilibrium of
the shell element is described using layerwise functions as follows:
For the composite layer,

Uk(@, B,2) = (1 + z/R)ug (@, B) + 2¢u (@, B)
+ fu (D05 (@, B) + 8u (D)W (@, B)

Us(a, B, 2) = (1 + z/Rp)ug(e. B) + z¢5(e, B)
+ f3(2)05 (. B) + &5 () Vs (@, B)

U(a, B, 2) = w(a, B) 3)
For the PZT layer,
Uy, B,2) = (1 + 2/R)ug (@, ) + 2¢u (@, B) + fu(2)0,(a, B)

+ 8. (V@ B) + 29} (@, B)
Ub(e, B.2) = (1 + 2/ Rp)uy (. B) + 2¢p(ct. B) + f5(2)0} (t, B)
+ 85V, B) + 29} (e, B)

U(a, B, 2) = w(a, B) “

Equations (3) and (4) describe the zigzag in-plane deformation
using a combination of laminatewise first-order shear deformation
theory and layerwise higher-order rotation. In these equations, a
superscriptk denotes the kth layer of the laminate, and superscripti
denotes the ith PZT layer. Laminate unknowns (i, ug, ¢, and ¢p)
and layerwise unknowns (6%, 6;,‘, k. and W;) are used to address
in-plane deformation. Rotational degrees of freedom (¢, and ¢)
are introduced in the PZT layer to describe electrical actuation.
The through-the-laminate thickness functions, f,(2), f5(2), g4(2),
and gg(2) are used to address the characteristics of in-plane zigzag
deformation and have the following form:

fa(2) = fp(z) = sinh(z), 84(2) = gp(2) = cosh(z) (5)

where the functions f,(z), fs(z), g«(2), and gs(z) render higher-
order odd and even distributions, respectively. Note that Eqs. (3)
and (4) resultin a 4N + 5 + 2N, number of structural unknowns in
the displacement field, where N is the total number of layers and
N, is the number of PZT layers. Thus, the assumed displacement
field can allow for discontinuous transverse shear strain at the lam-
inate interfaces; however, the total number of structural variables is
dependenton the number of laminas. This implies increased compu-
tational effort if multilayered laminates are used. Thus, a procedure
is developed to reduce the number of structural unknowns. This in-
volves the imposition of conditions of free transverse shear stress
on the top and the bottom surfaces and the conditions of continuous
transverse shear stress and in-plane displacement at interlaminar
surfaces. The details of the procedure are described in Ref. 14. A
linear strain—displacement relationship'® is used, and only cross-
ply laminates are considered in the present paper. The displacement
field can now be written as

o

- Np )
Ut = (1 + R_>” + AL + BE @, + Y CE ()¢

b Np .
Uy = (1 + R—ﬁ)uﬁ + AL (2) s + By(2)w s + Z Cy ()9

U = w ©)
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where the layerwise coefficient functions are expressed as follows:
For the composite layer,

Al;(z) = ai] Ju(2) + a:zgot(z) +z

AL (2) = ab, f5(2) + algs(2) + 2
B: (Z) = bil fot(z) + b:zgot(z)v B; (Z) = bl;“ fti (Z) + bl;;zgﬁ (Z)
CE@ =\ fu@+hga@),  CH @) =ch f5(2) +by85(2)

@)
For the PZT layer,
AL (2) = ay, fu(2) + ag,8u(2) + 2
AL(2) = ag, f5(2) + ag,8p(2) + 2
By(2) = b, fu(2) + 0584 (2)
Bh(2) = b5, f5(2) + b8, (2)
CE(2) = & ful2) + cfgu(2) + 25
Ch (2) = ¢, f3(2) + chga(2) + 25
if z; S z=< 24 5 =1
else 6 =0 (3)
In Egs. (7) and (8), the layerwise coefficients (af;1 R bftl, and so on)

are obtained by enforcinga displacementand stress continuity con-
ditionateach interfaceand traction-freeboundary conditions at free
surfaces. Note that the structuralunknownsdescribing the mechani-
cal field, ranging from the first lamina to the N'th lamina, are reduced
to a total of variables, 5+ 2N, which are u,, ug, w, ¢o, @3, goj;,
and . Therefore, the developed approach renders the number of
structural variables independent of the number of lamina but de-
pendenton the number of PZT layers. All terms on the order of the
thicknesscoordinateto radius are retained in the formulation, which
makes the current approach applicable to the analysis of thick-shell
structures.

B. Higher-Order Piezoelectric Field

The field of electric potential must satisfy the surface boundary
condition of applied voltages. Therefore, a cubic distribution of the
potentialfield along the thicknessof piezoelectriclayersis assumed.
The potential field ¢/ for the jth layer can be written as follows!®:

¢ (@ B.2) = ¢l (@ B) — (= = 2D E e, ) + 4[ (= — =) /W' ]
<{(z =)@ /W) + El(@. B)] — ¢} (. B)} ©)

where ¢; is the potential of a point in the midplane of the jth piezo-
electriclayer. The quantity £ 7 denotes the electric field at midplane
and the term —(z — Z{J)Ef is used to address the linear potential
distribution along the thickness. The last term in Eq. (9) represents
the higher-order modification, addressing the nonuniform potential
variation through the thickness while satisfying the equipotential
surface boundary conditions prescribedat the electrodes. The quan-
tity ¢/ denotes the potential difference between the top and the
bottom electrodes covering the jth piezoelectric transducer, and z;,
and h/ denote the midplane position and the thickness of the jth
piezoelectriclayer, respectively.

C. Higher-Order Temperature Field

The temperature field must satisfy the surface boundary condi-
tion of the heat flux accurately. To address nonuniform temperature
distribution through the laminate thickness, the temperature field is
described using a cubic function of the thickness coordinate. By the
imposition of the surface boundary conditions of the heat flux, the
higher-order temperature field can be written as follows!?!3:

0(a, B,2) = —{ (2 /2H)[(q — a5)/ 3]
+ Q2 3HY (g, + ) /k31} + (e, B)

+[z = 4/3H%)2°16,(a, B) (10)

where the quantities g, and ¢,, indicate the heat flux applied on the
top and bottom surfaces, respectively. The quantity x3; denotes ther-
mal conductivity through the thickness and H represents the total
thicknessof the laminate. The higher-ordertemperaturefield defines
a nonuniform cubic distribution through the thickness of the struc-
ture. Note that, although a linear temperature filed can address the
in-plane temperature distribution, it cannot satisfy the surface ther-
mal boundary conditions. Thus, temperature variations through the
thickness, which produce the most important bending deformation,
cannot be modeled accurately using a linear temperature field.

III. Finite Element Implementation

The finite element implementation of a shell element with piezo-
electric layers using a T-P—M coupled model is presented in this
section. The displacement and temperature unknowns of the ele-
ment are denoted u!, and uj, respectively. The electrical unknowns
of the jth piezoelectric layer are denoted u;". The displacement
field in the midplane of the host structures and the ith piezoelec-
tric layer [u,0(c, B)], the electrical field in the midplane of the jth
piezoelectriclayer [ué)(J (e, B)1, and the temperature field in the mid-
plane of the element [ugo (¢, B)] can be expressed using appropriate
interpolation functions, as follows:

uuU(a» ﬂ) = [u0t7 uﬁ» ¢0t7 ¢ﬁ» w, Qoit» QD:S]T = Nu(Ot, ﬂ)uz
uy(@. p) = [9). EI]' = Ny(e. pyus’
ugo(a, B) = [6,6,1" = Ny, pus (11

where N,(a, B), Ny(a, B), and Ny(a, B) are the interpolation
functions describing displacement, potential, and temperature
field, respectively. The element displacement field u(«, B, z), the
strain ¢(w, B, z), the potential field ¢’ (a, B, ), the electric field
E/(a, B, z), the temperature field 6 («, 8, z), and the gradient of the
temperature field 6, (o, B, z) are defined in Appendix A.

The linear thermoelectromechanicd multiple field problem for a
domain V without free body charge, based on displacement,electric
potential, and temperature as independent state variables, can be
described using variational principle along with several constraints,
as follows:

S (u;, ¢,0) = /(U[jsgij —D;é¢; + szg,z 39,])(1‘/
v

¥

Equation (12) addresses temperature and piezoelectric and
mechanical fields simultaneously and represents the governing
equations of the coupled T-P-M theory. The quantities ;, g., and
g, denote the prescribed traction on the stress boundary I',, surface
charge on the charge boundary I'p, and surface heat flux on the flux
boundary I';, respectively.

When Eq. (A1) is substituted into Eq. (12), the following fi-
nite element governing equations of the T-P—M coupled theory are
obtained:

7.ou, dF+/ 3.5¢ dF+/ G,86dI =0 (12)
'n r

o q

Kuu Kud) Ku9 MZ Fu
K;,, K;, K, u, ¢ =1F, (13)
0 0 Kgg u; Fg

where the matrices K,, and K, are stiffness matrices due to
piezoelectric-mechanical coupling, and K,, and K, are stiffness
matrices due to thermal-mechanical and thermal-electrical cou-
pling, respectively. The matrices K,,, Ky, and Ky, are stiffness
matrices due to mechanical, electrical, and thermal fields, respec-
tively. The vectors F,, F;, and F, are force vectors due to me-
chanical, electrical, and thermal fields, respectively. The stiffness
matrices and force vectors are defined in Appendix B.

IV. Results and Discussion
The effectivenessand accuracy of the proposeddisplacementfield
theory is evaluated by comparison with other theories. First, the
bending of a composite plate with top and bottom actuators, as
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Tablel Material properties of PZT and graphite/epoxy composite

Parameter PZT Graphite/epoxy
Elastic moduli, GPa
Ey 2.0 172.5
Ey 2.0 6.9
Ess3 2.0 6.9
Shear moduli, GPa
G 1.41 3.45
Gi3 1.41 1.38
G2 1.41 1.38
Poisson’s ratio
v 0.29 0.25
Coefficients of thermal expansion, pm/m - °C
o11 0.9 1.1
o33 0.9 25.2
Piezoelectric charge constant ¢/m?
ez =e3 0.046 —_—
Electric permittivity, nf/m
bu 15.0 -
b33 15.0 e
Pyroelectric constant, ;LC/mZ -°C
d3 20 e
Thermal conductivity, W/m - °C
K11 2.1 448
K33 2.1 3.21
z
h

Ry

. T
—
;

)

\ 4

L
Fig. 2 Infinite plate with PZT actuators.

shown in Fig. 2, is investigated. The top and bottom layers serve as
the distributedactuators. The plate is simply supportedand is infinite
in one direction (that is, plane strain state). The radii of curvature
R, and Ry are infinite, and the midsurface metrics A, and Ay are 1
in the present model. The material properties of the graphite/epoxy
and PZTs are adopted from Ray et al.!” and are presentedin Table 1.
The results are nondimensionalizedas follows:

&,v = U,\'/qUSZa

A transverse normal loading, g sin(rx/L), is applied on the top
surface. The results from the present theory are compared with the
exactsolutionby Ray etal.!” Figures 3aand 3b show in-planenormal
stress distributions at the center of the plate in a thick and a mod-
erately thick case. At the top surface for S =4 and 10, the present
results deviate by 7 and 6%, respectively, from the exact solution.
Transverse shear stress distributions are presented in Fig. 3c. The
maximum stress occurs at the midsurface, and the differences in
maximum stress between the present model and the exact solution
are less than 1%. Thus, the stress solutions from the present theory
correlate very well with exact solutions.

Piezoelectricactuationis modeled by applying sinusoidalelectric
potential [¢,” =V sin(rx/L)] at the top PZT. The magnitude of
the electric voltage V is assumed to be 100 V. Electrically induced
in-plane normal stress distributions at the center of the plate are
shown in Figs. 4a and 4b for S =4 and 10, respectively. As seen
from Figs. 4a and 4b, compressive stresses occur at the interface of
the composite and top piezoactuator due to contraction of the PZT.
The deviation of stresses between the present model and the exact
solutionat the interfaceof the compositeand top actuatorare 3.7 and
1.6%, respectively. Figure 4c shows electrically induced transverse
shear stress distributions at the edge of the plate. Transverse shear
stress concentrationis observed at the interface of the actuator and
host structure due to piezoelectric actuation. In the case of a thick

S=L/H (14)

&,v: = U,v:/%,

05 -
0.25 [
H/z of —H8— :exact[17]
s —6— : present
-0.25 |-
- i ] L L L I L L L L I L L L L ' L L L L I L ] L L l L L L L l
05 -0.8 04 0 0.4 0.8 12

Ox

a) In-plane normal stress distribution at the center of plate, S = 4

05
0.25 [-
H/z O
- —+HB— exact[17]
-0.25 |-
B —E&—: present
i B
- 1]
_05||||||'|Illllllll|||||||I||||I|'|l||||||
21 075 -05 025 0 025 05 075 1

Ox

b) In-plane normal stress distribution at the center of plate, S =10

05
—a—: exact[17]

0.25

H/z ©

-0.25

[N T S SR N A |

1
3 4 5 6

¢) Transverse shear stress distribution at the edge of plate

Fig.3 Stress distribution throughthe thickness direction of plate under
mechanical loading.
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05
- —8— :exact[17]
i —©— : present

025}

H/z ° S=4
-0.25
_05 _\ Ll L I L Ll I Ll Ll ' L Ll I L L1 L ' Ll Ll I
300 -200 -100 0 100 200 300

Ox

a) In-plane normal stress distribution at the center of plate, S = 4

05
i —8— :exact[17]
025 - —6— : present
H/z o
- S=10
-0.25 |-
- | L L L L I L L L L I Il L L L ' L Il L L I L L L 1 ' L L L L I
9333 -20 -10 0 10 20 30

Ox

b) In-plane normal stress distribution at the center of plate, S = 10

05 -
0251 PZT Layer
H/z o —a— :exact[17]
s —©— : present
-0.25 -
i PZT Layer
_u L 4 | I N I I
R—Te 100 200 300

;C X7
¢) Transverse shear stress distribution at the edge of plate

Fig. 4 Electrically induced stress distribution through the thickness
direction of plate.

Fig. 5 Infinite cylinder with PZT actuators.

0.5 E_ = é E B
0.4 ;
0.3 f—
s PZT Layer
02 F
o1 —H8—5=4
F —9— =
H/z o 8=10
olE
0.2 ;—
03k PZT Layer
oaf /
F L L I I L 1 i ]
05 %5 g 25 50

Caa

a) In-plane normal stress distribution at the center of shell

05 -
0.25 _ PZT Layer
[ —&— S=4
B _e_ —
Hiz oF i 5=10
-0.25 B
- PZT Layer
L MR . v| ]
0955 -10 30

Tay
b) Transverse shear stress distribution at the edge of shell

Fig. 6 Electrically induced stress distributions through the direction
of shell ([90/0]).

composite, S =4, the difference in maximum shear stress is more
than 10%. However, this difference is reduced to 2.5% when the
thickness is reduced to S = 10.

Next, an infinite cylindrical shell with distributed piezoelectric
actuators, as shown in Fig. 5, is considered. The radius of curvature
R, and the span angle ¥ are fixed as 0.5 and 7 /3, respectively.
The thickness of the piezoactuator is assumed to be H/20. The
thicknessratio S is defined as R/ H for the shell and the results are
presented based on the same nondimensionalizationas in the pre-
ceding example. The same electric potential is applied on the top
actuator only. Figure 6 shows stress distributions of antisymmetric
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0.5 r 5 E T—
0.251= PZT Layer
i —8— §=4
i —©— 8=10
H/z o
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5 PZT Layer
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a) In-plane normal stress distribution at the center of shell
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b) Transverse shear stress distribution at the edge of shell

Fig. 7 Electrically induced stress distributions through the direction
of shell ([0/90/0]).

laminates [90/0]. Electrically induced in-plane normal stress distri-
butions, for different S values, are presented in Fig. 6a. Because of
the contractionof the top actuator, compressive stresses are induced
at the interface between the top actuator and the host structure. The
variation in induced axial compressive stress, in the upper half of
the host structure, becomes nonlinear as the shell becomes thicker.
The distribution of transverse shear stresses is shown in Fig. 6b.
The maximum stress occurs at the interface of the actuator and the
composite. The induced transverse shear changes from positive to
negative through the thickness. Stress distributionsin a symmetric
[0/90/0] laminate are presented in Fig. 7. The trends in induced in-
plane normal and transverse shear stresses are similar to those of
the antisymmetric laminates.

Next,numerical analysis of a sphericalfiber-reinforcedlaminated
composite shell with patched piezoelectric actuators, under various
loading conditions, is considered. Two PZT patches on the top and
bottom surfaces are used to produce the desired actuation capability
for shape control, as shown in Fig. 1. The actuators are located at
the center of the shell. The shell structure is fixed on all four sides.
The dimensions of the shell are such that the radius of curvature
R = 0.5 m, the span angle for each direction = /4, the thickness
ratio § = 10, and the thickness of the piezo patch 4, = H/20. The
length of each PZT patch is assumed to be one-third of the host
shell.

A three-layer symmetric laminate with a stacking sequence of
[0/90/0] and an equal lamina thickness is used to investigate the
effects of T-P-M coupling. Only piezoelectric actuation is consid-
ered. Both the top and bottom actuators are subjected to a volt-
age load of the same magnitude, but opposite direction, making

—6— w(a,b/5)
—2— w(,3b/10)
—&— w(a,b/2)

0.75

a) Deflection along o direction
1
—e— w(a/5,p)
—a— w(3a/10,p)
—&— w(a/2 ,p)

0.75

0 0.25 0.5 0.75 1
B/b
b) Deflection along 3 direction

Fig. 8 Electrically induced deflection at the midsurface of laminated
spherical shell.

out-of-direction deformation dominant. A constant electric poten-
tial (V =100 V) is applied. Note thatin this case, the T-P-M model
foractuatorsrepresentstwo-way mechanical-piezoelectriccoupling
(piezoelectricand conversepiezoelectriceffects), whereasa conven-
tional induced strain model represents only one-way mechanical—
piezoelectric coupling (converse piezoelectric effect). The results
are normalized as follows:

(&otot» &ﬁﬁ) = (1/VS2)(O-0HX7 Uﬁﬁ)
(&ot:» &ﬁ:) = (1/VS)(O-IXZ7 Uﬁ:)
w = 1000E,,w/V S* (15)

Electrically induced deflections are presented in Fig. 8. Note
that the deflections along the o and B directions are not symmet-
ric due to the difference in the elastic modulus. Figure 9a shows
electrically induced in-plane normal stress. To make bending de-
formation dominant, the top actuator is extended and the bottom
actuator is contracted. As a result, tensile stress is induced on the
upper half and compressive stress is induced on the lower half of
the host structure. It can be observed that the distributions of in-
plane normal stresses are discontinuous at the layer interfaces due
to material dissimilarity. For both o, and 044, the maximum stress
occurs at the interfaces of the PZT actuators and the primary struc-
ture, which makes structural integrity a critical issue in these re-
gions. Figure 9b presents the distributionsof transverseshear stress
through the laminate thickness under the same electrical loading. It
can be seen that the transverse shear stresses vanish at the top and
the bottom surfaces and are continuous at each interlaminar sur-
face. The distributions show a significant gradientin actuatorlayers.
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Fig. 9 Electrically induced stress distributions at the edge of PZT
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Fig. 10 Temperature rise along o direction at the midsurface.

The maximum shear stress occurs at the interfaces of the actuators
and the primary structure, which makes mode 2 and mode 3 failure
(both laminate delamination and actuator debonding) critical.
Next, numerical analysis with only thermal excitations is per-
formed to investigate thermal coupling effects. The same structural
configuration is used. A uniform heat flux is applied on the top
surface of the structure, and it is insulated at the bottom. All four
sides are maintained at room temperature (20°C). Thermal steady
state is achieved when there is an equilibrium between the inflow
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Fig. 11 Thermally induced stress distributions at the edge of PZT
(a=al3, 3=0/3).

of surface heat flux and heat outflow through the four sides of the
structure. Note that although there is no external voltage, all cou-
pling effects between thermal, piezoelectric, and mechanical fields
are still presentin the T-P-M model. Numerical results under a heat
flux ¢, = 1000 W/m? are presented in Figs. 10 and 11. Results for
thermal loading are normalized as follows:

(Gacr 5pp) = (1/ 2 S*) O o)
(&ot:» &ﬁ:) = (1/41 S3)(Uot:» Uﬁ:)
W= Epw/q,$* (16)

Figure 10 shows the temperature rise of the midsurface of the
structure. The temperaturerise in the structure is a result of the heat
flow from the top surface to the side boundaries, where heat finally
dissipates. The temperature rise is at a maximum at the center of
the structure and has the smallest values near the structural side
boundaries. The temperature distributionis also symmetric because
the geometry of the shell, the thermal boundary conditions, and the
external loading are all symmetric. Figures 11a and 11b present the
distributionofin-planenormal stressesand transverseshear stresses,
respectively. For normal stresses, the stress distribution shows dis-
continuity due to the mismatch of thermal material properties. For
transverse shear, although the maximum stress occurs around the
midsurface, the stresses at the interlaminar surfaces between the
actuators and the primary structure are close to the maximum value.

V. Conclusions

An improved coupled theory is developed to address the effects
of piezoelectricactuationunder various kinds of loading conditions.
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A new layerwise shear deformation theory, developed to accommo-
date the complexity of in-plane zigzag warping and continuity of
transverse shear stress distribution, is used in conjunction with the
completely coupled T-P—M theory. The developed theory provides
a framework for accurate and efficient analysis of stress distribution
in composite shell structuresintegrated with piezoelectricmaterials.
Numerical analysisis performed to investigate laminated composite
shells with multiple surface-bondedactuators. Piezoelectricloading
and thermal loading are considered. The induced deflections and
stress distributionsare presented. The following important observa-
tions are made from this study:

1) The improved shear deformation theory correlates well with
exactsolutions. The use of the higher-orderelectricand temperature
fields in the T-P-M model make the developed approachapplicable
to a large class of smart structures.

2) In the analysis of structural bending due to piezoelectric actu-
ation, for both symmetric and antisymmetric laminations, the max-
imum in-plane normal and transverse shear stresses occur at the
interface of the actuators and the primary structure. Thus, structural
integrity becomes a critical issue in these regions.

3) In the analysis of structural bending due to thermal actuation,
the results of stress analysis show that a significant thermal mis-
match occurs at the interface between the actuator and the primary
structure. This results in stress concentrations at these interfaces.

Appendix A: Element Field and
Higher-Order Operators
Based on the described field assumptions, the element dis-
placement field u(«, B, z), the strain (e, B, z), the potential field
¢’ (a, B, 2), the electric field E/(a, B, z), the temperature field
0(a, B, z), and the gradient of temperature field 6, («, B, z) can be
written as follows:

M(Ot, ﬂ? Z) = LuuuU(a» ﬂ)»

¢ (@, B.2) = Fy(z— z)) + Liu(a. B)

E(O[» ﬂ» Z) = LsuuU(a» ﬂ)

E'(@. p.2) = —Fg(z —z)) — Liu)y(e. B)
0(a, B,2) = Fy(2) + Lougo(c, B)

0.i (0, B, z) = F,(2) + Lyugo(a, B) (AL)

where the higher-orderoperators, L, and L., are defined as follows:

L, =
Z 3 i
l+— 0 A 0 B@o— '@ 0
o 80{
0 14— 0 AG) B~ 0 i
R‘3 B B aﬂ B
L 0 0 0 0 1 0 0
(A2)
L =
0 0 mare o]
11 aC{ 12 aC{ 13 13 80{2 14 aC{
5 5 9 5
i 0 by lytl— 0 I
218;3 228}3 23 n95 248;3
5
0 0 o I Ly— 0o I
31 328ﬂ 33
5
0 0 L, 0 Liy— Ls 0
oo
P T I 5 0o,
_51 aﬂ 528(}{ 53aﬂ 548(}{ 558(:{a}g Séaﬂ 578(}{

with
I =1/As/(1 +z/R,),
lo=AL@) [Auf (1 +2/Ry),
liy=1/Ry/(1 4 2/R,),
liy =B /AL /(A +2/R,), Iy = Bi(2)/As /(1 +z/Ry)
ha=CY /AU +2/R),  La=Ct()[As[(1+2/Ry)
Iy = A§ (5) = AY(2) [ Ry [ (1 + 2/ Ry)
I = B} .(2) = B§() /Ry [ (1 + 2/Ry)
Ly = C¥ () = C¥ () /Ry /(1 4+ 2/Ry)
Ly = AL.(2) = AL ()[R, [(1 + 2/Ry)
lp = BS.(2) = BX(2) /Ry [ (1 +2/Ry)
Ly = CE.(2) = C¥ () [ R/ (1 + 2/ Ry)
Issy = A,(1+2/Ry)/Ap/(1+ z/Rp)
lss = Ag(1+2z/Ry)/ Ay /(1 +2/R,)
Is=AL@) [As /(L +2/Rs),  Iss=AL@) [Auf (1 +2/Ry)
Iss = BE(2)[As /(1 +2/Ry) + Bi(2) [ Au [ (1 +2/Ry)

ls=CH () [Ag[(L+2/Rp), I =C ()] A,/ (1+2/R,)
(A4)

Iy = 1/Ag/(1 +z/Rp)
In=A§(2) /Ay [ (1 +2/Ry)
L3 =1/Rg/(1 +z/Rp)

The higher-orderoperatorsand functionsassociated with the elec-
trical field, Lé,, Ly, Fy and F, are defined as follows:

—8(2—20) 12(2—26)2 B
(hi)? (hi)? _
: 4<j_>j(z — z’)
F¢(Z — Z(IJ) (/’lj)3 -
_. N2
Fp(z—z) = [0 %} (A5)

The higher-orderoperatorsand functionsassociated with the ther-
mal field, Ly, L), Fy, and F ,, are defined as follows:

Ly=|1 z—47/3H?]

K33 3H? k33
F,(z) = [0 0 —dzgfz)} (A6)



KIM, ZHOU, AND CHATTOPADHYAY 2525

Appendix B: Stiffness Matrices, Force Vectors,
and Operators

The stiffness matrices and force vectors are defined as follows:

K, =/B€TQBSdV, K,, =/B§PBE av
14 14

K, =— / BTkB,dv, Ky, = —K],
14

K,, =/B§BBE dv, Ky =—/B§d39dv
\%4 \%4

F, = —/BM ds — / BYBF,(z — z})dV
N 14
z2 - 273
_/B£d<_ql b q,+qh>dv
v 2H K33 3H2 K33

F, = —/ng, dS—/BIT,KF,,(z)dV (B1)
N 14

with the definition of the operators as follows:

B,=LN,@.p). B.=LN,ep). B,=L)Ny.p)

B, =LNy(a,B), By=LyNy( B), B,=L,Ny(ap)

(B2)
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